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BORDISM OF SEMIFREE CIRCLE ACTIONS
ON SPIN MANIFOLDS

LUCILIA DARUIZ BORSARI

ABSTRACT. Using traditional methods in bordism theory, an almost complete de-
scription of the rational bordism groups of semifree circle actions on Spin manifolds
is given. The single remaining problem, to describe the ideal of Q3P'" ® Q generated
by bordism classes of Spin manifolds admitting a semifree action of odd type, has
been recently solved by S. Ochanine [O].

1. Introduction. In this work we study bordism groups of semifree circle actions on
Spin manifolds.

The motivation for studying these groups comes from a question of E. Witten (see
[W]) who is interested in the Dirac operator with coefficients in the tangent bundle
of a Spin manifold M?". Its ordinary index is given by (42? (M) ch(T),0,,), where
(M) is the total A-class of the tangent bundle of M, and ch(T') denotes the Chern
character of the complexification of the tangent bundle of M. Witten asks if the
character valued index, for an S'-action on a Spin manifold, of this operator is a
constant. He suggested that the problem could be explored via the bordism groups
of circle actions on Spin manifolds.

In order to simplify the problem, we restrict our attention to semifree circle
actions.

Our main result, Theorem 2.4, concerns the comparison of the Spin bordism
groups of semifree circle actions with their oriented analogues, after tensoring with
the rationals. We complete the bordism analysis except for the determination of the
ideal I, in Q5P ® Q consisting of multiples of bordism classes of complex projec-
tive space bundles of even dimensional complex vector bundles. This ideal is
examined in §3, and has recently been determined by S. Ochanine (see [O]).
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2. Bordism analysis. We start with some definitions and notations.

Let B be a CW-complex and §: (E(§), p, B) a principal SO(n)-bundle. A Spin
structure on £ is a pair (7, f) consisting of

(1) a principal Spin(n)-bundle 7 over B; and

(2) amap f: E(n) = E(£) such that the following diagram commutes:

E(n) X Spin(n) -  E(n)
\
Vx4, Vf B
Va

E(¢§)xso0(n) - E(§)

Here ¢, denotes the standard homomorphism from Spin(n) to SO(n).

DEFINITION. A Spin manifold is an oriented Riemannian manifold together with a
Spin structure on its bundle of oriented frames.

A smooth circle action on an oriented smooth manifold is said to be semifree if all
isotropy groups are either S* or the unit subgroup of S*.

We have, as usual, a long exact sequence
(1) coo > SESen L ppsein S peein L gpsein L, L
where

(a) ESPin denotes the bordism group of free circle actions on closed n-dimensional
Spin manifolds,

(b) SESPn denotes the bordism group of semifree circle actions on closed
n-dimensional Spin manifolds, and

(c) MSP™ denotes the bordism group of semifree circle actions on compact
n-dimensional Spin manifolds which are free on the boundary.

The maps i, j and 9 are the usual ones (see [C]).

The relative group MP™. Let v, denote the universal complex vector bundle over
BU,. Denote by Q5P"(BU,, v, ) the bordism group of triples (M, f, s), where M is
an oriented (n — 2k)-dimensional manifold, f: M — BU, is continuous, and s is a
Spin structure on 7™M @ f *(y,).

Given [W, a] € M let X"~ 2k denote the union of the (n — 2k)-dimensional
components of the fixed point set of a. Consider f,: X"~ *f - BU,, the classifying
map for the normal bundle », to X" 2% If s denotes the Spin structure on W, then,
since (TW)| X" 2k =1 X" 2% & f*(y,) = 7X" "2k ® v,, 5 induces a Spin structure
s on TX" T2 @ fiX(y,).

Define

pn: Mnspin - @ Qrsrpm(Ble’ Yk)
k
by
p (W) = @ (X7 1i.5,]
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PROPOSITION 2.1. The homomorphism p, defined above is an isomorphism.

PrROOF. We exhibit an inverse for p,. Let (M, f,s) represent an element in
QSP"(BU,,v,) and put E = f*(y,); then f induces a map on disk bundles f:
D(E) — D(¥,), which we may assume transverse regular to BU,. Then »(M, E) =
f*(»(BU,,v,)) = f*(v,) = E, where v denotes normal bundle. Since 7E =
p*(tM @ E), where p: E — M is the projection, s induces a Spin structure on 7E
and so on D(E). Let B denote complex multiplication on D(E).

The correspondence (M, f,s) — (D(E), B) gives an inverse for p,,.

REMARK. Using the same techniques as in [L-W] one can show that

QP(BU,, v,) = 8P (D (), S(i)),
and therefore

AlnSpin ® Q = @ Qn—2k(BUk) ® Q
k

In particular, M3 ® Q = 0 for odd n.

The group F,5P™, In order to describe these groups we need to make the distinction
between actions of even and odd types. Let M" be a connected Spin manifold.
Denote by Q the bundle of oriented frames and by P the principal Spin(#)-bundle
over M. Let a: S' X M - M be a smooth circle action. Then a induces a circle
action on Q that can be viewed as a one parameter family of maps «,;: Q — Q,
t € R. Also, a; = a; = identity on Q. Since P is a double covering of Q, «, lifts to
&, P — P with &, = identity on P and & either the identity on P or multiplication
by —1 € Z, = Ker{Spin(n) — SO(n)}.

If &, = identity on P, then &, induces a circle action on P which commutes with
the right action of Spin(n) on P and is compatible with u: P — Q. In this case we
say that « is of even type.

If & = multiplication by —1 € Z, C Spin(n), then &, induces an action of S,
the connected double covering of S', on P with the same properties as above. We
then call a of odd type (see [A-H]).

The next two propositions characterize free circle actions of even and odd types.
Their proofs will be presented in §4.

PROPOSITION 2.2. Let M" be a connected Spin manifold and let a: S* X M — M be
a smooth free circle action on M. Then « is of even type if and only if the orbit space
M /S admits a Spin structure which induces via m: M — M/S' the given Spin
structure on M.

PROPOSITION 2.3. Let M" be a connected Spin manifold and a: S* X M — M be a
smooth free circle action on M. Then a is of odd type if and only if the orbit space
M/S' can be given a Spin° structure, with principal U(1)-bundle M M /S and
principal Spin‘(n)-bundle given by the composition of the principal Spin(n)-bundle over
M and .

Notice that we may write F,5PI" as a direct sum

ESvin — FSpinev g FSpinodd
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where the direct summands are bordism groups of free circle actions of even or odd
types, respectively.

Translating the last two propositions to bordism language, we obtain isomor-
phisms

T e ]
[M,a] > [M/s"]
and
0,; FESine - QSin(CP>)
[M,a] - [M/S',f]

where f: M/S' > CP* classifies the complex line bundle associated with M —
M/St

REMARK. Since 257" @ Q = Q,(CP*) ® Q = Q"(CP>) ® Q (see [St]), we
conclude that F5P" @ Q = 0 for even n.

We also have the following;:

A semifree circle action on a Spin manifold with nonempty fixed point set is of
even (resp. odd) type if and only if the codimension of all components of the fixed
point set are congruent to zero (resp. 2) mod 4. Indeed, Atiyah and Bott (see [A-B])
prove the same result for involutions preserving a Spin structure. Since M %> = MS'
for a semifree circle action, our assertion follows at once.

We now state and prove our main result about the groups SF,5Pin,

THEOREM 2.4. Let SF, denote the bordism group of semifree circle actions on closed
oriented manifolds. Let ¢sp: SFSP™ — SF, be the forgetful homomorphism. Then

(a) the map ¢ is injective in even dimensions after tensoring with the rationals.

(b) a multiple of [ M, o] € SF,,, is in the image of ¢ if and only if

@ [CP(Vk)’ )\k] = & [CP(Vk)’ }\k] =0
k even k odd

inQ,, ,(CP®)® Q.

Here v, denotes the normal bundle to the union of the (n — 2k)-dimensional
components of the fixed point set of «, and N, — CP(v,) is the canonical line bundle
over the complex projective space bundle, CP(v,), of v,.

We need the following lemma.
LEMMA 2.5. The map FSPnedd 5> SESPnedd i pripjg],

PROOF. Let (M, a) represent an element in F,5Pi%°dd and let D? be the 2-dimen-
sional disk. Then a X B is a free Sl-action on M X D?, where B is complex
multiplication on D2 The Spin structures on M and D? induce a Spin structure on
M X D? for which a X B has even type. Therefore W = (M X D?)/S! is a Spin
manifold whose boundary can be identified with M as Spin manifolds. If we let the
circle act on W, by acting on the first factor via «, we obtain a semifree circle action
on W having odd type. O
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PROOF OF THEOREM 2.4. We denote by QSFSP®, QFSPin and Q M 5P the groups
SESpin FSPin and MSPM tensored with the rationals.
From the results about these groups, we have the following exact sequence

0 — QSESP - QM » Q™ 5 QSESe - 0,
Also, for oriented semifree bordism, there is a short exact sequence (see [U])
-t at
0 - SF,, - @D 2,,_24(BU,) > Q,,_,(CP*) -0,
k

where j((M, a]) = & [7,], for », the normal bundle to the union of the 2n — 2k)-
dimensional components of the fixed point set of a. The map 4, associates to each
bordism class of a complex vector bundle £ the element [CP(£), A], where A — CP(§)
is the complex line bundle.

Using the descriptions of the groups MSP'® and F,5P® we have the following exact
sequence:

0- QSFSpm - @ Qin(BU,,v,) ® Q 3 QP ® Q @ Keri¥ — 0,
where i¥ is the composition
QSpm (CPoo) ® Q QFSpmev N QSFSpmev

Since elements of Q5P"(BU,, \A,) can be viewed as bordism classes of k-plane
bundles with a Spin structure on their total spaces, the maps j* and 9* are defined
as in the oriented case. Also, 0* maps & Q5P(BU,,y,) to keri¥ and,
D ad Q30"(BU,, v,) to Q37

Consider the following commutative diagram:

0 > QSES™ @ Q5 (BU,,v,)®Q — (2%, @ keri%)®Q - 0

k even

| ogp | &g | o
0 - QSF,, - D Q2n—2k(BUk)®Q - an—z(CPw)Q’Q -0,
k

where the vertical arrows are forgetful homomorphisms.

Since ¢,,; is an isomorphism, the map ¢ is injective.

Next, let [M, a] € QSF,,. Write j*([M,a]) = @ [»,] and put [£,] = ¢ ([7,])-
Then [M, a] lies in the image of ¢g, if and only if &, 9*[£,] = 0inkeriZ, and
D, 4 0*[é]=0in Q$Pi", ® Q. But this condition is equivalent to having
[CP(Vk k] = d[CP Vk)’}‘k] =0

k even

inQ,, ,(CP*)® Q. O

3. The ideal I,. The distinction between the semifree Spin bordism groups and
semifree oriented groups lies in the fact that the map i,,: FSP%® — SESPRY is not
trivial.

From the exactness of sequence (1), we see that ker i, coincides with the image of
the map

a*: ? Q;ﬁi“(BUZk,yzk) - Qggifz(cpw)-
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Rationally, this map can be viewed as a map from @, ,, 4 (BU,,)® Q to
Q,,_,(CP®) ® Q. If we let x, = [n, ® e*~! - CP"2k], where n, is the canoni-
cal line bundle and £2*~! is the (2k — 1)-dimensional trivial bundle, it can be seen
that {9*(x,)} forms a basis of {,,_,(CP*) ® Q (see [C-F]).

We then proceed to analyze the image of the composition & Q0 (BUpys Yar) ®

Q N QSEin(CP*) ® Q > Q™ ® Q. Denote by I, the image of &0 3*; then I, is an
ideal of Q" ® Q.

Let J, be the ideal of 2P" ® Q consisting of multiples of bordism classes of Spin
manifolds which admit a semifree circle action of odd type.

PROPOSITION 3.1. As ideals of Q3P" ® Q, I, and J, agree.

PrROOF. Let us show first that J, C I,. Start with a Spin manifold M" with a
semifree S! action of odd type a. Let », denote the normal bundle to the union of
the (n — 2k)-dimensional components of the fixed point set of a. By [U], we have
[M"]= &,[CP(v, @ ¢)] in Q,. Since « has odd type, v, ® ¢ is even dimensional
and its total space admits a Spin structure. Hence, the sphere bundle of », ® e is a
Spin manifold which bounds the disk bundle of », ® ¢ as Spin manifolds. Therefore,
complex multiplication on the sphere bundle of », & ¢ is of even type. So, [M"] =
@, [CP(v, ® ¢)] in Q™ N Q, which proves that J, C I,.

To obtain the other inclusion, we notice that given § an even dimensional complex
vector bundle representing an element in @ , Q3P"(BUy;, v,,) ® Q, we may assume
that £ decomposes as a direct sum § = §, ® &,, where £, are odd dimensional
complex vector bundles; moreover CP(§) is a Spin manifold.

Define

p: S' X CP(¢ @ ¢&,) > CP(¢,0¢,)
by
p(A, [o,w]) = Do,

for A € S!, and v and w vectors in £, and &, respectively. This assignment is a
semifree circle action with fixed point set CP(§;) U CP(&,). By looking at codimen-
sions, we see that p is of odd type. Therefore I, C J,. O

Denote by 71 Q, " Q = Q and by 4: 9, ©Q - Q the ring homomorphisms
sending each class [M] € ©, ® Q to its signature or A-genus, respectively.

PROPOSITION 3.2. The ideal I, is contained in ker t N ker A.

PrOOF. For any complex k-plane bundle ¢, we have 7(CP(¢)) = 7(CP* ) - 7(B),
where B is the base space of ¢ (see [C-H-S]). Hence, for k even, 7(CP(£)) = 0.

Next, from [A-H] (or [K] for semifree actions) A(M) =0 if a connected Spin
manifold M admits a nontrivial circle action.

So I, is contained in ker N ker A. O

If we want to find indecomposables in 237" ® Q = Q, ® Q of the form CP(¢),
for ¢ a 2k-plane bundle, we must have nonzero Milnor numbers
(San+2k-1y(NCP(§)), 0cps)y (see [M-S]). Here 2n is the dimension of the base
space of §.
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Let n = CP?"~3 be the canonical line bundle. Then it is not hard to see that for
£: m®n e > CP 3, the Milnor numbers of CP(§,) are nonzero if n > 3.
Since the dimension of CP(§,) is 4n, we succeed in finding indecomposables
X4, = [CP(£,)] of Q5P" N Q for n > 3 which belong to I,.

Also, if we let x, = [CP?] and x4 = [HP?], we may write

9" @ Q = 9% ® Q = Qx4 x5 Xgyo-- |-

Hence, the ideal ker N kerd in Q5° ® Q is generated by x,,, n > 3, and the
16-dimensional element xg4(xg — Xx32).

So, in the process of understanding the ideal I,, we have obtained inclusions
(X125 X165+ +> Xaps-++) C Iy C (xg(xg = X3)y X125 X165+ > Xapr---)-

We conjectured that as ideals of Q5" ® Q, I, = (X5, X160 ---» Xap---)-

Landweber and Stong (see [L-S]) obtained further characteristic numbers which
vanish on the ideal I, the first one being (' (M) - ch(T), o,,). We observe that
this fact proves our conjecture up to dimension 20.

As a matter of fact, the conjecture has been proved by S. Ochanine (see [O]). In
his work he finds all multiplicative genera which vanish on the ideal .

It is natural to ask if all characteristic numbers which vanish on I, continue to
vanish if the action is not semifree. This is shown for the signature in [L-S]; the
general question appears to be quite difficult.

4. Free circle actions on spin manifolds. It remains to prove Propositions 2.2 and
2.3, and for this we must analyse in detail free S!-actions of even and odd type on a
connected Spin manifold. Let Q denote the bundle of oriented frames over M and
let (P, u) be the given Spin structure on M. Let p: P — M be the projection.

PROOF OF PROPOSITION 2.2. Suppose first a 1s of even type. Then we have the
following diagram:

P/S! - Q/S!
PN v
M/S!

where p is a Spin(n)-bundle and 7(M/S')= P/S' x spin(ny R* (see [Sz]). Also,
since (TM)/S! = 7(M/S") & e, the pair ( p, %) defines a Spin structure on M /S*.

To see that this Spin structure induces via 7: M — M /S* the given Spin structure
on M, we consider the pull-back diagram:

n*(P/S') - P/S!

) )
m(g/s') - /s

l !

M 5 mMys!

This, together with the maps P —» P/S' and P 5 M, defines a map ¢: P —
a*(P/S*') which, under the identification Q = 7*(Q/S"'), is an isomorphism.
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For the converse, we let P be a Spin structure on M/S! inducing via =:
M — M/S! the Spin structure on M. Define a: S' X 7*(P)— #*(P) by
a(\, (m, x)) = (a(\, m), x), for A € S! and (m, x) € 7*(P). Then @ is a free circle
action on 7*(P) which commutes with the right Spin(n)-action on 7*(P) and is
compatible with 7*(P) — Q. Therefore a is of even type. O

PROOF OF PROPOSITION 2.3. Assume first « is of odd type. Then the connected
double covering S! of S acts freely on P.

Define

&: P X(Spin(n) x §') - P
by

a(x, (g, A)) =A"xg,
when x € P, g € Spin(n) and A € S
This is a free action inducing a free Spin(n) = Spin(n) X, S' action on P.
Also, the composition P SM-M /S* is a Spin‘(n)-bundle over M/S*. Define

Y: P - Q/S' X M by ¢(x) = (7(u(x)), p(x)), where 7: Q - Q/S*; then, ¢ is
equivariant and the diagram

v 1
P >  Q/S'XM
N v
M/S!

commutes. Therefore, we have a Spin° structure on Q/S* and so on (M /S?!).
For the converse, we assume that the Spin structure on M induces a Spin®
structure on 7(M/S?) as in the diagram

¥
P S5 0/S'xM

mop N v
M/S!
where ¢(x) = (7(u(x)), p(x)), x € P.
Consider the pull-back diagram:
m(Q/sY) - /s
N\ )
M 5 Mmyst

This, together with the maps Pﬁ—a»uQ/S1 and P> M, defines a map v: P —
7*(Q/S") given by v(x) = (7(u(x)), p(x)). Since ¢ is a double covering, the
diagram

P - 7*(g/s!)

N s
M
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defines a Spin structure on M, which, under the identification 7*(Q/S') = Q,
coincides with the given one.
To see that a is of odd type, we let x € P and the family of maps «,:

7*Q/S) = m*(Q/S") given by a,(v(x)) = (7(u(x)),x(e’*"", p(x))),  €R, in-
duced by a. Define

a;: m*(Q/S') > P
by
&(v(x)) = x-[1,e7],
where [1,e™] € Spin‘(n). Then

v(a,(v(x))) =v-[x,e™] =y (x[1,e™]) = a,(v(x)),

ay(v(x)) = x and & (v(x))= x - [1, —1]. Hence «a is of odd type. O
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